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Abstract
With one exception, all known non-supersymmetric AdS4 and AdS5 vacua of gauged
maximal supergravities that descend from string and M theory have been shown to
have modes with mass below the BF bound. The remaining non-supersymmetric
AdS solution is perturbatively stable within gauged maximal supergravity, and hence
appears to contradict recent conjectures about the AdS stability based on the weak
gravity conjecture. We show that this solution is actually unstable by exhibiting
a new decay channel, which is only visible when the solution is uplifted to eleven
dimensions. In particular, M2 brane probes at generic locations inside the internal
manifold are attracted to the Poincare´ horizon, only to be expelled as “brane jets”
along certain directions of the internal manifold. Such instabilities can arise in any
non-supersymmetric AdS vacuum in any dimension. When a brane-jet instability is
present, the force that expels the branes is the same as the force felt by a probe brane
whose mass is less than its charge.
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1 Introduction
The stability of an AdS vacuum is a subtle issue. It has been known for a very long time that
potentials that give rise to “negative masses,” can have perturbatively stable vacua as long
as those negative masses lie above the Breitenlohner-Freedman (BF) bound [1, 2]. Moreover,
for supersymmetric AdS solutions one can establish positive mass theorems that rule out
non-perturtive and tunneling instabilities1.
The interesting issue, therefore, is the stability of AdS vacua that break supersymmetry. If
there are scalars that violate the BF bound, these vacua are perturbatively unstable. Further-
more, from the point of view of holography, these AdS vacua appear disastrous: the operators
dual to the fields whose mass is below the BF bound have complex dimension, and hence
the dual CFTs are not unitary. Thus, the only top-down examples of non-supersymmetric
holography can come from BF stable, non-supersymmetric AdS vacua in the supergravities
that descend from string theory [4].
Unfortunately, there is a startling lack of such vacua. This observation was advanced
as evidence for the argument, based on the Weak Gravity Conjecture (WGC) [5], that all
top-down non-supersymmetric AdS vacua will somehow be unstable [6]. The only fly in the
ointment is the SO(3)×SO(3) invariant vacuum [7,8], which is perturbatively (BF) stable in
gauged N = 8 supergravity in four dimensions.
The scalar potentials of gauged maximal supergravity in four and five dimensions have
now been extensively studied, and the last few years have seen the discovery of hundreds of
non-supersymmetric AdS vacua and a handful of new supersymmetric ones. The complete
set of known AdS4 vacua may be found in [7–14] and their (in)stability is discussed in [3,
15, 16, 10–13]. The known AdS5 vacua may be found in [17–19] and their (in)stability is
1See, for example, [3].
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discussed in [20–24,19]. All the new non-supersymmetric vacua violate the BF bound and this
represents further empirical support for the instability of non-supersymmetric AdS vacua [6].
It also makes the SO(3)× SO(3) invariant vacuum all the more unusual.
This solution was, in fact, the first non-trivial vacuum found in a gauged maximal su-
pergravity [7], and its perturbative stability in gauged maximal supergravity was established
in [10]. Furthermore, upon embedding this vacuum in gauged N = 5 supergravity one can
prove a positive mass theorem [25] which might well be extensible to the full gauged N = 8
theory. Thus it was believed that this vacuum was likely to prove stable.
The purpose of this paper is to highlight a new type of instability of AdS vacua that
are created by branes and supported by fluxes: the Brane-Jet Instability. We will show how
this destabilizes the non-supersymmetric, SO(3)× SO(3) invariant, AdS4 vacuum of [7] and
that many BF-unstable vacua also have brane-jet instabilities. In M theory, this instability is
detected by M2 brane probes that lie parallel to the boundary of the Poincare´ patch in AdS4
and is only visible if one uplifts the gauged supergravity vacuum to M theory. The instability
emerges through the dependence of the solution on the internal manifold, and specifically
through the warp factor that plays an essential role in the uplift.
Recall that, if d̂s2 is the metric of a d-dimensional theory that appears as a factor in a
higher-dimensional metric, then the full uplifted metric has the form
ds2 = ∆−
2
d−2 d̂s2 + ds2int , (1.1)
where ds2int is the metric on the internal manifold and ∆
2 is the determinant of the internal
metric. The warp factor is required for Einstein gravity in the metric, ds2, to reduce to
Einstein gravity on d̂s2. It is also essential to solving the equations of motion in the higher-
dimensional theory. As a result of this factor, the induced metric that enters in the DBI
action of an M2 or D3 brane parallel to the boundary of the Poincare´ patch depends on
their location in the internal dimensions. It is this dependence on the internal dimensions
that can lead to the instability. Using brane probes to test stability is a standard technique
(see for example, [26–28]); the novelty of brane jets lies in mediation of instabilities through
non-trivial warp factors.
When the vacuum has eight supercharges (N =2), the M2 branes that are localized on a
particular six-dimensional, transverse slice (corresponding to a Coulomb branch of the dual
CFT) feel no force [27], and are attracted along other directions. However, as we will show
in this paper, this supersymmetric background is very much the exception. There are no
such flat directions when the supersymmetry is reduced to N = 1: for such vacua the brane
potential is always attractive, reflecting stability that is a consequence of supersymmetry. For
many of the non-supersymmetric AdS4 vacua, including the SO(3)×SO(3) invariant one, we
find that the M2 branes can be expelled from the Poincare´ horizon, along the direction of a
“jet” that can be sharply localized in the seven-dimensional internal space.
We will also show that, in a large number of non-supersymmetric examples, if one averages
over the internal space, the net attraction is always positive. Thus smearing the probe or using
the AdS effective Lagrangian that comes from averaging the metric (1.1) over the internal
space will generically wipe out the instability.
The brane-jet instability is different from the instability that is suggested by the na¨ıve
brane probe analysis that underlies the discussion in [29, 6]. That analysis looks at the
behavior of a hypothetical “effective” p-brane whose mass and charge are different and which
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is supposed to exist in some low-energy theory in the AdS background. While this might seem
correct, the problem is that such an effective would-be probe brane does not have an obvious
relation to the branes of string and M theory.
Returning to the uplift of the supergravity solutions, it is important to note that there
could also be a different warp factor in front of the electric components of the flux along the
brane directions. However, for AdSd backgrounds, in which the electric component of the field
strength is proportional to the volume form of AdSd, the Bianchi identities imply that the
electric flux must have the strict “Freund-Rubin” form:
F (d) = f VolAdSd + F
(d)
internal , (1.2)
where f is a constant and F
(d)
internal only has components along the internal manifold. Thus,
if one considers M2 or D3 branes parallel to the boundary of the Poincare´ patch of AdS, the
electric flux potential that couples to the branes is universal and independent of their location
in the internal manifold.
Hence, the action of a probe brane will generically depend on its position on the internal
manifold, and this dependence only comes from the DBI part of the action. As we will show,
this can create regions, J , in which the gravitational attraction is less than the electrostatic
repulsion: inside this “jet locus,” J , the brane probe will be ejected from the AdS.
It is perhaps tempting to try to interpret the brane probe analysis of [29, 6] as referring
to smeared M or D branes. However, fundamental brane probes always have equal charge
and tension and so smearing will not change this. One might try to interpret the warp factor
contribution to the DBI action as creating some kind of effective tension but, as we noted
above, if one averages the actions of these branes over the internal manifold, the brane-jet
instabilities disappear and the smeared potential is always attractive.
There are two other intuitive ways in which one may try to link the brane-jet instability
to the WGC and to the arguments that lead to the AdS instability conjecture of [6]. One is
to argue that all the non-supersymmetric AdS4 solutions of gauged supergravities that come
from M theory are in fact the result of a geometric transition of a system of M2 branes on
top of a 2+1 dimensional object of M theory that breaks supersymmetry2. As such, by the
WGC, some of the M2 branes should acquire charge larger than the mass (in the units of
mass and charge of the background) and should run away from the other branes3, giving
rise to the brane-jet instability. One piece of evidence in support of this intuitive picture is
that the radial dependence of the repulsive force is the same as the radial dependence of the
repulsive force between M2-branes whose charge is larger than the mass. However, despite
this non-trivial agreement, we find that several non-supersymmetric AdS vacua do not have
brane-jet instabilities (see, Table 1 of Section 4), but rather decay through modes whose mass
is below the BF bound.
The second way is to imagine compactifying the AdS4 solution along the two space-like
boundary directions of the Poincare´ patch and obtain an effective 1+1 dimensional theory.
The particles in this theory come from M2 branes extended along the compactified AdS
directions and, for non-trivial ∆, their masses will depend on their location on the internal
seven-manifold. If one thinks about M2 branes at different locations as giving rise to different
species of particles in the 1+1 dimensional theory, one expects by the WGC that some of
2This is only understood for a few examples and is far from obvious in general.
3We thank C. Vafa for discussions leading to this interpretation
4
these particles will have a mass smaller than the charge and will thus be expelled away from
the Poincare´ horizon. These particles would thus descend from the M2 branes localized in the
region of the jet. Much like the previous intuitive picture, the dependence of the force on the
distance is consistent to what one expects from the WGC, but the absence of this instability
in other non-supersymmetric AdS vacua indicates that this intuitive picture should be taken
with a grain of salt.
Ultimately it seems rather unnatural to force the brane-jet instability into the framework
of [29, 6]. The underlying physics in this paper is relatively simple. First, we are using
fundamental brane probes that, by definition, have tension equal to charge. The AdS4 so-
lutions we explore can be thought of as coming from the back-reaction of M2 branes that
have non-trivial magnetic fields on their “internal dimensions,” which means magnetic fields
that thread the sphere surrounding the branes in eleven dimensions. We are showing that,
from the eleven-dimensional perspective, the strong magnetic flux deforms the gravitational
field on the sphere around the M2 branes in such a manner as to weaken the gravitational
field in some regions and strengthen it in others. As a result, the stack of magnetized M2
branes attract fundamental brane probes in some directions and squirt them out in others.
While the physical mechanism is rather different, the behaviour of a brane jet has significant
commonality with its astrophysical cousins.
It is interesting to understand why the brane-jet instabilities dodge the standard super-
gravity stability theorems, and how one might find these instabilities within the traditional
Kaluza-Klein excitations of the supergravity theory. Supersymmetry generally gives some
protection against instabilities through positive mass theorems and BPS bounds. On the
other hand, the general problem with analyzing stability for non-supersymmetric solutions
is that there are typically some very significant assumptions about the decay channels. For
the stability analysis of gauged supergravity, most of the theorems involve perturbations that
lie within a restricted set of supermultplets4. Similarly, the positive mass theorems are also
usually restricted to the fields in the massless graviton supermultiplet. The problem is that
the fields in the massless graviton supermultiplet of the maximally supersymmetric theory in
lower dimensions, correspond to the “lowest harmonics” on the sphere, which necessarily vary
very slowly over the sphere. In contrast, the brane jet instability can involve the emission of
branes that are much more localized on the internal directions.
There should, however, be an extensive overlap between what one can see using brane
probes and what one can see using supergravity scalars. When branes spread out onto a
Coulomb branch, this involves giving expectation values to the scalar fields from the perspec-
tive of the lower-dimensional supergravity. Indeed, there are plenty of examples of holographic
renormalization group flows that describe the spreading of branes out onto a Coulomb branch5.
With the exception of supersymmetric vacua, the stability theorems involving scalars in su-
pergravity are typically restricted to the massless graviton supermultiplet, and hence to the
lowest harmonics on the compactification manifold, or collective effects of these lowest modes
as captured by gauged supergravity. Such theorems are ill-adapted to studying the emission
of individual branes that localize on the compactification manifold. At the very least, such
branes would excite higher order Fourier modes. Moreover, some brane instabilities might
require the collective effect of many such modes to replicate the brane dynamics.
4This is why it can be misleading to refer to the SO(3)× SO(3) invariant, AdS4 vacuum as BF-stable: BF
stability has only been verified for the scalars in the maximal graviton multiplet.
5See, for example, [30–33].
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Thus brane-jet instabilities and supergravity scalar perturbations are really probing sim-
ilar instabilities but from very different perspectives. The bottom line is that, if there is
a localized brane-jet instability, then one must look at higher order scalar harmonics: the
Fourier expansions must be able to resolve J if it is to detect the repulsion. Moreover, some
brane-jet instabilities may require non-trivial combinations of modes so that the repulsion
from J is not washed out by the attraction from J c.
There is now a wealth of literature that explores other possible instabilities, especially
through instantons (see, for example [34, 29, 35–38] and the references therein). There are
also some interesting results on the construction of non-supersymmetric AdS4 vacua [39, 40]
in dyonically-gauged maximal supergravity [41–43], and the stability of AdS vacua in massive
IIA supergravity [28,44].
In Section 2 we briefly review our conventions and some of the relevant details of the
relationship between the scalar fields and potentials in four dimensions and the Freund-Rubin
flux and warp factors in eleven dimensions. In Section 3 we introduce the brane probe analysis
and study brane jets analytically for the most symmetric AdS4 vacua that were found in [7,8].
In particular, we show that the SO(3)×SO(3) invariant vacuum of gaugedN = 8 supergravity
in four dimensions, which is BF stable in the gauged N = 8 theory, has a brane-jet instability.
We will show that, for this solution, the jet locus, J , is very small and has a relatively weak
repulsive force when compared to the typical attractive force on brane probes that localize
outside of J . This means that if one smears the M2 branes over the internal manifold, the
instability disappears. Thus the brane localization in a “jet” is critical to this instability.
In Section 4 we catalogue the brane-jet instabilities of a sample of 26 AdS4 vacua, most of
which are non-supersymmetric and BF unstable. We show that many (but not all) of them
have brane-jet instabilities and we show that the repulsion in the brane-jet region is also
typically weak and that the averaged (smeared) probe potential is attractive.
Our final comments are in Section 5 and the appendices contain further relevant details
of the uplift formulae that are essential to reconstructing the eleven-dimensional metric from
the four-dimensional data.
2 Conventions and normalizations
Since the dynamics of M2 brane probes is going to depend critically on the balance of elec-
trostatic and gravitational forces, it is going to be crucial to start by getting our conventions
and normalizations fixed.
2.1 Eleven dimensions
First, we are going to work in old supergravity conventions for M theory. The equations of
motion are thus:
RMN + RgMN =
1
3 FMPQR FN
PQR ,
∇MFMNPQ = − 1576 εNPQR1R2R3R4S1S2S3S4 FR1R2R3R4 FS1S2S3S4 ,
(2.1)
with ε˜1···11 = 1. The supersymmetry transformation of the gravitino is:
δψM = ∇M  + 1144
(
ΓM
NPQR − 8 δNM ΓPQR
)
FNPQR  = 0 . (2.2)
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The eleven-dimensional metric will be “mostly plus” and taken to have the form
ds211 = ∆
−1 d̂s21,3 + ds
2
7 . (2.3)
The coordinates on the four-dimensional space-time will be denoted by xµ while the coordi-
nates on the internal manifold will be denoted by ym. This internal manifold will always be
topologically S7 but its metric:
ds27 = gmndy
m dyn , (2.4)
will generically be deformed away from the round metric.
The AdS4 metric, gˆµˆνˆ , will be written in the Poincare´ patch:
d̂s21,3 = gˆµˆνˆ dx
µˆdxνˆ = e2A(r)ηµν dx
µdxν + dr2 , (2.5)
where xµˆ = (xµ, r) and
A(r) = r/L∗ , (2.6)
which defines the radius, L∗, of the metric gˆµˆνˆ .
The flux, F , will be decomposed into is components along the AdS and the internal
manifold according to:
F = F (st) + F (int) , (2.7)
and we will define the Freund Rubin constant, fFR, by setting
F (st) = fFR e
3A(r) dx0 ∧ dx1 ∧ dx2 ∧ dr . (2.8)
Note that this means that the electric components of the 3-form potential are given by:
A(st) = − fFR L∗
3
e3A(r) dx0 ∧ dx1 ∧ dx2 . (2.9)
There is a potential source of confusion here when the warp factor, ∆, is a constant. Note
that the spatial components of the full metric are gµν = ∆
−1gˆµˆνˆ , which is also AdS4 for
constant ∆. It is important to remember that the AdS4 volume form in (2.8) is that of the
four-dimensional metric, gˆµˆνˆ , and not the volume form of gµν . If one is not careful about this,
then one is apt to get spurious powers of ∆ in fFR.
The round metric on S7 will be denoted by
◦
gmn, and the inverse radius of this round
sphere will always be denoted by m7. The round Ricci tensor is thus:
◦
Rmn = 6m
2
7
◦
gmn . (2.10)
The determinant factor, ∆, will always be normalized against the round sphere solution:
∆ ≡
√
det(gmn)
det(
◦
gmn)
. (2.11)
For the solution based on the round S7, the corresponding AdS factor has
◦
Rµˆνˆ = −3m24 ◦g µˆνˆ , (2.12)
where m4 is the inverse radius of the AdS4. The parameters of this solution are related by:
m4 = 2m7 , fFR = −32 m4 = −3m7 . (2.13)
In our discussion, the scale, m7, will always be that of the round sphere. The parameters
L∗ = m−14 and fFR will vary from solution to solution.
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2.2 Four dimensions
The dynamics in four dimensions is governed by the scalar potential, P. The AdS4 vacua of
interest correspond to critical points of P and the Einstein equations reduce to:
Rˆµˆνˆ = P gˆµˆνˆ = − 3
L2∗
gˆµˆνˆ (2.14)
The potential is proportional to g2, where g is the gauge coupling constant of the gauged
supergravity theory. Since P is negative at all known critical points, it is convenient to define
P∗ ≡ −P
g2
. (2.15)
At the maximally symmetric critical point, which corresponds to the round S7, one has
P = −6g2, and comparing this to (2.12) and (2.13) yields the universal relationship:
g =
√
2m7 . (2.16)
and so, at an arbitrary critical point one has
L∗ =
√
3
2P∗
m−17 . (2.17)
2.3 Uplift results
There is a proven relationship between the scalar matrices in four dimensions and the inverse
metric in eleven dimensions [45]. We are not going to go into this here. Indeed, all we will
need is the expression for ∆ defined in (2.11) and we will simply take the results from the
existing literature when we need them. Further details can be found in Appendix A.
We will, however note that there is an well-established empirical relationship [46, 47] be-
tween the Freund-Rubin parameter, as defined above, and the critical value of P. That is,
one has:
fFR = −1
2
m7 P∗ . (2.18)
We will need the coefficient of the gauge potential in (2.9) and this is given by:
− fFR L∗
3
=
1
2
√
P∗
6
. (2.19)
This means that the strength of the electric repulsion of M2 branes is universally determined
by the value of the potential at its critical point.
3 M2-brane probes and the most symmetric AdS vacua
The M2-brane probe action in our conventions is:
S =
∫ [√
−det(g˜) d3σ + 2 13! A˜(3)
]
, (3.1)
where g˜ and A˜(3) denote the pull-back of the metric and the 3-form onto the membrane. Since
we are using old supergravity conventions that lead to equations of motion in the form (2.1),
the normalization of the A(3)-term here is twice the more common “stringy” convention.
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We consider a probe that is parallel to the boundary of the Poincare´ patch and we are only
interested in the potential energy of the brane, and so it suffices to take the brane embedding
to be xµ = ξµ. The resulting brane potential is therefore
V = e3A(r)
(
∆−
3
2 −
√
P∗
6
)
, (3.2)
where we have used (2.19) to replace fFR. Note that because A(r) = r/L∗, one has
dV
dr
=
3
L∗
e3A(r)
(
∆−
3
2 −
√
P∗
6
)
, (3.3)
which is positive or negative depending on the sign of
Θ ≡
(
∆−
3
2 −
√
P∗
6
)
. (3.4)
This is exactly as it should be because, if ∆−
3
2 >
√
P∗
6 , the gravitational attraction felt by
the brane is larger than electrostatic repulsion, and the force must be attractive toward r = 0
(dVdr > 0). Conversely, if ∆
− 3
2 <
√
P∗
6 then the electrostatic repulsion wins over gravity, and
the force must be repulsive (dVdr < 0).
In the following sections we are going to calculate the “average,” Θavg, of Θ over S
7. This
average will always be taken by integrating over the round S7 metric, with a measure factor
of
√
det(
◦
gmn).
Note that at the maximally symmetric critical point one has ∆ ≡ 1 and P∗ = 6. The
potential thus vanishes identically, indicating that every direction is “flat” and the brane
probe feels no force anywhere. This is, of course, because the probe is mutually BPS with the
stack of M2 branes whose near-horizon geometry the maximally supersymmetric AdS4 × S7
solution is.
We now consider non-trivial critical points, which correspond to turning on background
magnetic fields in eleven dimensions. In this section we will examine the most symmetric
AdS4 vacua that were first given in [7,8]. While we will provide the original references for the
relevant data, the work of Kru¨ger is also an excellent resource [48,49]. We will start with the
non-trivial supersymmetric point.
3.1 The SU(3)× U(1) invariant point
This critical point has been extensively studied and it represents a conformal fixed point at the
end of a non-trivial holographic holographic RG flow from the ABJM theory. The properties
of this critical point have been extensively analyzed in four-dimensional supergravity in [15].
The holographic flow solutions were first constructed in four dimensions in [50,51]. This flow
was uplifted to M theory in [27]. The holographic interpretation in ABJM theory is given
in [52]. The important point here is that this fixed point corresponds to integrating out one
massive chiral multiplet, leaving three massless multiplets at the fixed point. These give rise
to a six-dimensional (three complex dimensional) Coulomb branch at the fixed point.
The brane probe calculation has already been done for the entire flow in [27] and so we
simply repeat the results here, and only for the fixed point. The result is:
Θ = 3
3
4 sin2 µ ≥ 0 , (3.5)
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where µ is the coordinate that defines how the CP2, on which the SU(3) is transitive, sits in
the round S7. Specifically, the metric on the round S7 may be written:
ds27 = (dψ + cos
2 µ (dφ+A))2 + dµ2 + cos2 µ
(
d2FS(2) + sin
2 µ (dφ+A)2
)
, (3.6)
where d2FS(2) is the usual Fubini–Study metric on CP
2 and A is the U(1) connection of the
Hopf fiber over CP2.
The potential, (3.5), is attractive except when µ = 0. From (3.6), one sees that vanishing
locus of the potential are five-sphere sections of S7, which, when combined with the radial
coordinate, define the Coulomb branch of the infra-red fixed point. The metric on this moduli
space is, of course, induced from that of the deformed S7 of the compactification and was
computed in [27].
3.2 The G2, SO(7)
+ and SO(7)− invariant points
The SO(7)± points are both non-supersymmetric and are known to be BF unstable while the
G2 point has N =1 supersymmetry.
Define the coordinate θ by writing the metric of the round S7 in terms of the S6 upon
which the SO(7)+ acts transitively:
ds27 = dθ
2 + sin2 θ dΩ26 . (3.7)
Then, using the results of [45], we find:
ΘG2 =
2
7
4 3
13
8
5
7
4
[
3−
√
5
6
− 2 sin2 θ
]
> 0 ,
ΘSO(7)+ = 5
− 1
8
[
5−
√
5
3
− 4 sin2 θ
]
,
ΘSO(7)− =
5
5
2
4
√
3
[
1
2
√
15
2
− 1
]
> 0 .
(3.8)
The action of SO(7)− is transitive on S7 and so there is no dependence on position. The
coefficient Θ is therefore simply a constant, and is positive. The M2 brane probes are thus
attracted uniformly in this solution. Indeed, as we will see, if one averages over the S7, we
will see that brane probes are generically attracted. This solution has too high a level of
symmetry to see anything but the “averaged” attractive force.
The other two solutions have non-trivial Θ. The potential for the G2 point is always
attractive and this is consistent with the stability one expects of supersymmetric solutions.
This potential has no flat directions, which means that there isn’t a Coulomb branch upon
which the branes can spread with “zero force.”
The SO(7)+ point exhibits a brane-jet instability in a region, J , around θ = pi2 . (See
Fig. 1.) Because the volume measure is hugely peaked near θ = pi2 , the plots in Fig. 1 give a
somewhat distorted view of the region in which ΘSO(7)+ is negative. To compute the “area”
of J , note that the measure on the round S7 described by (3.7) is sin6 θ with 0 ≤ θ ≤ pi. The
normalized volume integral and the relative “area” of J are therefore given by:
16
5pi
∫ pi
0
sin6 θ dθ = 1 ,
16
5pi
∫
J
sin6 θ dθ ≈ 0.51723818 . . . . (3.9)
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Figure 1: Plot of Θ(θ) for the G2 (in blue) and SO(7)
+ (in red) critical points. Note that for G2,
Θ remains strictly positive while for SO(7)+, Θ becomes negative in a region around θ = pi2 . This
negative region is significantly larger than it appears in this plot because of the volume measure factor
in (3.9).
Thus the jet domain actually covers slightly more than half of the S7.
The average of Θ for the SO(7)+ point is given by
16
5pi
∫ pi
0
Θ(θ) sin6 θ dθ =
3
2
5−
1
8
[
1− 2
3
√
5
3
]
≈ 0.1709175 . . . . (3.10)
and so the average force is still weakly attractive.
One could also choose to average over the metric of the deformed S7 at the critical point.
From (2.11), one sees that this would involve inserting an extra factor of ∆ into the round S7
metric measure. We then find that the area of the deformed S7 is 0.930334963898.. times the
round value, while the integral (3.10) with an extra factor of ∆ is 0.186473804279..., which
means that the average of Θ over the deformed S7 is 0.200437274224..., which is not very
different from the average over S7.
3.3 The SU(4)− invariant point
The values of ∆ and fFR can be obtained from [53] after carefully rescaling the eleven-
dimensional solution according to the conventions described in Section 2.
Like SO(7)−, the action of SU(4)− is also transitive on S7 and so there is no dependence
on position. The coefficient Θ is therefore simply a constant, and is positive:
ΘSU(4)− = 2 −
2√
3
> 0 . (3.11)
Again, because of the high level of symmetry, one is only seeing the “averaged” force, and
this is attractive.
3.4 The SO(3)× SO(3) invariant point
The complete uplift of the SO(3)× SO(3)-invariant critical point to M theory was obtained
in [54]. The metric here is considerably more involved than for the critical points discussed
11
above because the orbits of the SO(3) × SO(3) isometry of the internal metric have co-
dimension two (rather than zero or one) on the deformed S7, and are isomorphic with the
coset
T 1,1 ≡ SU(2)× SU(2)
U(1)
. (3.12)
A natural set of the internal coordinates, ym, consists of five Euler angles and two transverse
coordinates, ρ and ϕ, where 0 ≤ ρ ≤ pi2 and 0 ≤ ϕ ≤ 2pi. The invariant forms, σ1,2,3(i) , j = 1, 2,
for each SU(2), become linearly dependent when pulled back onto S7, such that
σ1(1) , σ
2
(1) , σ
1
(2) , σ
2
(2) , σ
3 ≡ σ3(1) − σ3(2) , (3.13)
yield a local frame along the orbit. In this formulation, the round metric on S7 is given by
d
◦
s27 =
1
4m27
[
dρ2+sin2 ρ dϕ2+
(
σ+(1)σ
−
(1)+σ
+
(2)σ
−
(2)
)−sin ρ (σ+(1)σ−(2)+σ+(2)σ−(1))+( cos ρ dϕ−σ3)2 ] ,
(3.14)
where σ±(j) = σ
1
(j) ± iσ2(j). The actual internal metric for the uplift has the same invariant
one-forms (3.13), but more complicated coefficient functions of ρ and ϕ. The warp factor can
be written as
∆−3 =
1
36
[ (
2ξ − 3
√
5
)2
+ 10
(
2ξ − 3
√
5
)(
2ζ − 3
√
5
)
+
(
2ζ − 3
√
5
)2 ]
, (3.15)
where ξ ≡ 3 sin ρ cosϕ and ζ ≡ 3 sin ρ sinϕ are two SO(3)×SO(3) invariant functions on S7.
A straightforward calculation using P∗ = 14 gives
Θ(ρ, ϕ) =
√
31
2
− 1
2
cos(2ρ)− 6
√
10 cos(ϕ+ α) sin ρ+ 5 cos(2(ϕ+ α)) sin2 ρ−
√
7
3
. (3.16)
where we have restored an arbitrary parameter α that parametrizes a family of inequivalent
SO(3)×SO(3) invariant critical points [4]6. This has a minimum value of √2−
√
7
3 ≈ −0.1133
at (ρ, ϕ) = (pi2 ,−α ± arctan(13)) and a maximum value of
√
6 +
√
15 −
√
7
3 ≈ 4.7949 at
(ρ, ϕ) = (pi2 ,−α+ pi).
The contours of this potential are shown in Fig. 2, in which the jet domain, J , is clearly
delineated. One should note that the actual size of J is much smaller than it appears. This
is the usual map projection issue: the measure (3.17) vanishes quadratically as ρ → pi2 and
so the true area of J is greatly compressed. Numerical integration reveals that J actually
covers less than 0.4% of the round S7 area7.
At fixed values of the coordinates ρ and ϕ there is an S2 and an S3, non-trivially fibered.
The measure is:
1
16 (4pi) (2pi
2) cos2 ρ sin ρ dρ dϕ = 12 pi
3 cos2 ρ sin ρ dρ dϕ , (3.17)
where the factors of 4pi and 2pi2 are the volumes of the unit S2 and an S3. The integration
range is ρ ∈ [0, pi2 ] and ϕ ∈ [0, 2pi]. Note that the volume of S7 is 13pi4 and thus the average of
Θ(ρ, ϕ) over S7 is done by taking:
3
2pi
∫ pi
2
0
dρ
∫ 2pi
0
dϕ cos2ρ sin ρΘ(ρ, ϕ) , (3.18)
6The parameter α corresponds to an U(1) symmetry of the scalar potential that lies outside the SO(8)
gauge group. The warp factor for a general α is given in [54] Eqs. (5.12). A convenient “symmetric” choice is
α = −pi/4, which yields (3.15).
7This is about the same as the area of Greenland as a fraction of the Earth’s surface.
12
0.0 0.5 1.0 1.5 2.0 2.5 3.0
-3
-2
-1
0
1
2
3
0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
4.0
Figure 2: Contour plot of Θ(ρ, ϕ) with α = 0 for the SO(3)×SO(3) critical point. The brane-jet locus,
J , is the interior of the region defined by the bold white line. Note that while this region appears to
have a moderate size, this is a distortion caused by the projection. The region, J actually occupies
slightly less than 0.4% of the S7. The minimum value of Θ is
√
2−
√
7
3 ≈ −0.1133, and the maximum
value of Θ is
√
6 +
√
15 −
√
7
3 ≈ 4.7949. The average of Θ over S7 is approximately 2.230758. Thus
the brane-jet instability is very shallow and very localized.
Numerical integration gives this average value as 2.2307583736. So the average force is strongly
attractive, and twenty times larger than the minimum value.
As above, one could also choose to average over the metric of the deformed S7 at the
critical point. We then find that the area of the deformed S7 is 0.4381475058 . . . times the
round value, while the integral (3.18) with an extra factor of ∆ is 0.868758220 . . . , which
means that the average of Θ over the deformed S7 is 1.982798507 . . . , which is, again, not
significantly different from the average over the round S7. We will therefore continue the
practice of averaging Θ using the round metric measure.
4 More AdS vacua: summary and numerical estimates
Thanks to the development of new search algorithms [55,13], we now know vastly more about
the critical points of gauged supergravities. In particular, the details of 194 critical points of
the potential of the maximal gauged supergravity in four dimensions are now known, either
analytically or numerically, to a very high precision [11, 13, 14]. For each such point, one can
evaluate, explicitly, the corresponding scalar fields and obtain the warp factor, ∆−3, from the
uplift formula (A.10).
The results of those estimates for a sample of 26 points8 are presented in Table 1.
Those points include all known supersymmetric points; the SO(3) × SO(3) invariant, non-
supersymmetric point, S1400000; all points that are invariant under the triality symmetric
SO(3) classified in [14], and some additional points with no continuous symmetry chosen to
cover the whole range of the cosmological constant, from the first such point, S1043471, to
the lowest lying known point, S4599899.
For reasons outlined in Appendix A, we have catalogued ∆−3 and P∗/6 (as opposed to the
8Following the standard convention [11], the points are labelled as Sn1n2n3n4n5n6n7, which encodes the first
seven digits of the cosmological constant, P∗ = n1n2.n3n4n5n6n7.
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Point Symmetry Susy ∆−3max ∆
−3
min P∗/6 Θmin Θ
≤
avg BF BJ
S0600000 SO(8) N = 8 1 1 1 0 0 S S
S0668740 SO(7)+ – 16.718 0.6687 1.1146 −0.2380 0.1213 U U
S0698771 SO(7)− – 2.1837 2.1837 1.1646 +0.3986 0.3986 U S
S0719157 G2 N = 1 12.945 1.4383 1.1986 +0.1045 0.2503 S S
S0779422 SU(3)×U(1) N = 2 11.691 1.2990 1.2990 0 0.3989 S S
S0800000 SU(4)− – 4.0000 4.0000 1.3333 +0.8453 0.8453 U S
S0869596 SO(3)×U(1) – 27.230 0.7427 1.4493 −0.3421 0.4869 U U
S0880733 SO(3)×SO(3) – 30.667 0.6812 1.4679 −0.3862 0.4955 U U
S0983994 SO(3)×U(1) – 21.852 1.1077 1.6399 −0.2281 0.8743 U U
S1039230 SO(3)×SO(3) – 19.392 1.3923 1.7320 −0.1361 1.1507 U U
S1043471 – – 30.787 1.0184 1.7391 −0.3095 0.9469 U U
S1176725 – – 47.660 1.0915 1.9612 −0.3557 1.1707 U U
S1200000 U(1)×U(1) N = 1 29.856 2.0096 2.0000 +0.0034 1.4248 S S
S1384096 SO(3) N = 1 65.874 2.3216 2.3068 +0.0049 S S
S1400000 SO(3)×SO(3) – 39.973 2.0000 2.3333 −0.1133 1.6645 S U
S1424025 SO(3) – 56.525 2.0867 2.3734 −0.0960 1.6232 U U
S1600000 Z3 – 93.255 1.7157 2.6667 −0.3231 2.3148 U U
S1800000 – – 107.46 1.5525 3.0000 −0.4861 2.67807 U U
S2095412 – – 214.16 2.5031 3.4924 −0.2867 3.6521 U U
S2096313 SO(3)×U(1) – 109.18 4.3673 3.4939 +0.2206 4.3254 U S
S2153574 – – 210.73 2.2935 3.5893 −0.1577 3.8441 U U
S2443607 SO(3) – 203.21 3.6949 4.0727 6.5629 U U
S2702580 Z3 – 338.08 3.1256 4.5043 −0.3544 5.9984 U U
S3254576 – – 511.14 2.4228 5.4243 −0.7725 6.6393 U U
S3305153 Z3 – 668.38 4.7754 5.5086 −0.1618 9.0309 U U
S4599899 – – 1957.8 6.7127 7.6665 −0.1780 13.081 U U
Table 1: Numerical estimates for the stability parameters of some of critical points of gauged N =8 su-
pergravity in four dimensions. The quantity Θ≤avg is a lower bound on the average of Θ. “BF” and “BJ”
catalogue the Breitenlohner-Freedman and Brane-Jet (in)stability with S=stable, and U=unstable.
The italicized entries are based on an approximation discussed in Appendix A.
square-roots of these quantities). The quantity Θ≤avg is an easily computed lower bound on the
average of Θ. See Appendix A for its definition and details. The important point is that the
average value of Θ is always positive, which means that smeared branes do not see brane-jet
instabilities. The last columns, “BF” and “BJ” catalogue the Breitenlohner-Freedman and
Brane-Jet stability with S=stable, and U=unstable.
All the supersymmetric points are BJ stable, as one would expect. Also, as discussed
in Sections 3.2 and 3.3, highly symmetric BF unstable points can be BJ stable because the
symmetry effectively averages the brane potential over large regions of the S7. Interestingly
enough, we also find one point, S2096313, that has relatively little symmetry and yet is BJ
stable but BF unstable. It would be interesting to understand why the brane probes do not
detect the instability of this point.
The most significant result is, of course, S1400000, which is BF stable but BJ unstable.
This result now means that every known non-supersymmetric AdS vacuum arising from critical
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points of gauged supergravity in four or five dimensions is unstable. Thus the conjectured
instability of non-supersymmetric AdS vacua is, once again, vindicated.
5 Final comments
We have exhibited a new brane-jet instability that can arise in AdS vacua of higher-
dimensional theories in which the metric has a non-trivial warp factor in front of the AdS
factor. While we have studied this in detail for AdS4 vacua associated with M2 branes, there
are obvious generalizations to other brane systems and AdS spaces in various dimensions.
Describing the instability as a brane jet is intended to connote the fact that such insta-
bilities are typically localized on the manifold that surround the brane system. In the 26
examples we studied, we found many examples of brane jets. We also found that if a brane jet
were present, then it was also quite weak. Indeed, we found that if we averaged the potential
of the brane probe over the sphere, then the result was always positive and the instability
disappeared. It would be extremely interesting to understand if this is true for all the other
vacua of gauged maximal supergravity as it may have interesting consequences for the low-
dimensional effective field theories. In this context, it is interesting to note that, at least in
massive IIA theories, there can be uniformly negative brane potentials [28].
It is also evident that, while brane-jet instabilities are a useful tool, they have their limi-
tations. After all, these instabilities only come through a single function, the warp factor, and
this can be a blunt instrument. Indeed, we have seen that BF unstable vacua can be BJ sta-
ble, and this is not simply an artifact of symmetry: one example of a BF-unstable/BJ-stable
vacuum has merely an SO(3)× U(1) symmetry.
The utility of brane-jet instabilities lies in their easy application: they allow one to test a
new class of intuitive and simple decay channels. In particular, we have shown that there is
a brane-jet instability in the SO(3)× SO(3) invariant vacuum of N =8 gauged supergravity
in four dimensions despite the perturbative stability within the N = 8 gauged supergravity.
This vacuum is therefore unstable, as conjectured in [6].
Based on the fact that supergravity scalars in low dimensions encode Coulomb branches of
the branes, we have argued that brane-jet instabilities are simply another way of approaching
instabilities that appear in the complete scalar spectrum in the lower dimensional theory.
Roughly, brane jets use delta-function probes while scalar modes use Fourier series. In partic-
ular, gauged maximal supergravities are limited to “lowest harmonics” that may not resolve
and detect a brane-jet instability. To see brane-jet instabilities using scalars one may have
to use higher harmonics and possibly non-trivial combinations of them. Conversely, in the
vacua that are BF-unstable but BJ-stable, one may have to evolve the BF unstable mode
some distance before a brane-jet instability emerges.
There have been some recent developments that may enable one to test these ideas. For
AdS4 vacua arising from scalar vevs in gauged N =8 supergravity, there are now methods to
compute the spectra of all the eleven-dimensional Kaluza-Klein towers above these vacua [56].
As the authors of [56] remark, it would be very interesting to use their technology to look for
instabilities in all the Kaluza-Klein towers above the SO(3)×SO(3) invariant vacuum. Indeed,
we understand that there will be a forthcoming paper [57] that examines the perturbative
stability of the SO(3)× SO(3) invariant vacuum.
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There are many interesting AdS vacua in other dimensions and there are obvious gen-
eralizations to D3 and M5 brane jets. There are also possible D1 or D5 brane jets in the
AdS3 vacua of six-dimensional supergravities. Indeed, there are quite a few BF-stable, non-
supersymmetric vacua in gauge supergravity in three-dimensions9. While a significant frac-
tion of the three-dimensional gauged supergravities have unknown, or perhaps, non-existent
higher dimensional analogues, it would be interesting to see if there were any BF-stable, non-
supersymmetric vacua that do have higher-dimensional uplifts and then look for brane-jet
instabilities.
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Appendices
A Uplift formulae for the metric and the warp factor
In this appendix we summarize briefly an explicit construction of the warp factor, ∆, for any
point on the scalar coset manifold, E7(7)/SU(8), of the four-dimensional supergravity using
standard scalar harmonics, Y A, A = 1, . . . , 8, on S7. Those harmonics can be viewed as the
Cartesian coordinates of the ambient space, R8, satisfying Y AY A = m−27 when restricted to
the sphere.
We start with a point on the scalar coset given by the scalar 56-bein [58,59],
V =
uijIJ vijKL
vklIJ uklKL
 = exp
 0 −14√2φijkl
−14
√
2 φ¯ijkl 0
 ∈ E7(7) , (A.1)
in the symmetric gauge and in the SU(8) basis. Its rotation to the SL(8,R) basis is [58]10
Uij
AB = uij
IJ(ΓAB)
IJ , VijAB = vijIJ(ΓAB)
IJ ,
U ijAB = u
ij
IJ(ΓAB)
IJ , V ijAB = vijIJ(ΓAB)
IJ .
(A.2)
Define the matrix
MABCD = (U
ij
AB + V
ijAB)(Uij
CD + VijCD) , (A.3)
9Private communication from T. Fischbacher and H. Nicolai.
10The SO(8) gamma matrices, ΓAB = −ΓBA, are defined as
Γab = Γ[aΓb] , Γa8 = −Γ8a = −iΓa , Γ88 = 0 ,
where Γa are SO(7) gamma matrices satisfying Γ1Γ2 . . .Γ7 = −i. One can choose Γa to be pure imaginary
and hermitian, hence antisymmetric. The SO(8) commutators are then [ΓAB ,ΓCD] = −2δACΓBD + . . . .
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which is both real and symmetric in (AB,CD). The tensor
GAB = MAC BDY
CY D , (A.4)
in R8, is then transverse to the sphere, GABY B = 0. By extending the coordinates, ym,
m = 1, . . . , 7, on S7 to “sperical coordinates” on R8 by a radial coordinate, r, we then have
Gmn = ∆−1gmn , Gmr = Grm = Grr = 0 , (A.5)
where gmn is the uplift of the inverse metric [45].11
For highly symmetric critical points, using coordinates, ym, such that the isometries of
the corresponding uplift are manifest, it is usually quite straightforward to calculate both the
warp factor, ∆, and the metric tensor, gmn, starting from G
mn in (A.5) (see, e.g. [45,27,54]),
∆ =
[
det(Gmn) det(
◦
gmn)
]−1/9
, (gmn) = ∆
−1(Gmn)−1 . (A.6)
However, for points with a large number of non-vanishing scalars, φijkl, and the resulting low
or no symmetry, this calculation quickly becomes quite involved. It is only recently that a
more practical formula for the uplifted metric has been obtained in [60, 48] by exploiting a
cubic invariant of E7(7). In terms of the ambient harmonics we are using here, it works as
follows.12
Define two complex one-forms in R8,
Aijkl ≡ −m7
4
Y (AdY B)(Uij
ACUkl
BC − VijACVklBC) ,
Bijkl ≡ −m7
4
Y [AdY B] (Uij
ACVklBC − VijACUklBC) ,
(A.7)
which are completely antisymmetric and (complex) self-dual in their SU(8) indices [ijkl].
Then the pull-back of the symmetric tensor13
GABdY
AdY B ≡ 1
12
(Aijkl − Bijkl)(Aijkl − Bijkl) , (A.8)
onto S7 is proportional to the uplifted metric,
Gmn = ∆
−2 gmn . (A.9)
Moreover, from (A.5) and (A.9), we have [60,48]
∆−3 =
1
7
(∆−1gmn)(∆−2gmn) =
1
7
GABGAB . (A.10)
An obvious advantage of the formulae (A.9) and (A.10) over (A.6) is that one obtains the
internal metric and the warp factor corresponding to a given scalar 56-bein (A.1) using only
multiple summations. This procedure yields ∆−3 given by a homogenous polynomial of order
four in the ambient scalar harmonics.
11Perhaps the more familiar way of writing the same uplift formula is
∆−1gmn =
1
8
MABCDKABmKCDn , KABm = m7 ◦gmnY [A∂nY B] ,
where KABm are the SO(8) Killing vectors on S7.
12Our discussion below is based on [48].
13As usual, the raised/lowered SU(8) indices denote complex conjugation.
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To find the maximum and/or minimum of ∆−3 on S7 one can use any of the readily
available numerical routines such as for instance FindMaximum[ · ] and FindMinimum[ · ] in
Mathematica [61]. Then
Θmin =
√
∆−3min −
√
P∗
6
. (A.11)
From the obvious identity
∆−3 − P∗
6
≤
(
∆−3/2 −
√
P∗
6
)(√
∆−3max +
√
P∗
6
)
= Θ
(√
∆−3max +
√
P∗
6
)
,
(A.12)
we get a lower bound, Θ≤avg, for the average force, Θavg,
Θ≤avg ≡
vol−1
S7√
∆−3max +
√
P∗/6
∫
S7
(
∆−3 − P∗
6
)
dvolS7 ≤ Θavg ≡
1
volS7
∫
S7
Θ dvolS7 , (A.13)
where VolS7 =
1
3pi
4.
The integral on the left hand side in (A.13) can be evaluated algebraically using the
following overlap integrals for the scalar harmonics on the unit S7,∫
S7
Y AY BY CY D dvolS7 = m
−4
7
pi4
240
(δABδCD + δACδBD + δADδBC) . (A.14)
The numerical estimates based on the foregoing formulae for a sample of 26 critical points
are listed in Table 1. The two italicized entries are approximate, where for the point S1384096,
∆−3max ≥ 65.874, while for S2443607, ∆−3min ≤ 3.6949. Clearly, these bounds are sufficient for
our analysis.
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